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In this paper, an analytical solution to the heat transfer equation in a particulal two-layer model 
of in-vivo tissues during laser heating is proposed. The  application of  tissues continuous or pulsed  
lasers  heating is not yet a routine technique which can soon be widely implemented into practice. A 
two layer model of living tissue is used in order to study temperature rise during laser heating. The 
resolution of the heat transfer between the two regions is carried out using a polynomial expansion 
scheme. 
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1.  Introduction 

 In recent years, laser heating treatment soldering and 
ablation have   become some of the most investigated 
methods in nano-engineering, microbiology and medicine 
sciences [1-4]. Understanding  of  the underlying physics 
and interrelation of the processes taking place  in tissues 
irradiated  by  continuous or pulsed   laser  allows   optimi-
zation  of  relevant  parameters  in  therapeutic and medical   
applications. In this context, Stanowski et al. [2] achieved a 
quantitative description of the IR laser-QWI process lead-
ing to an accurate knowledge of temporal and spatial tem-
perature profiles induced by the laser solving a 3-
dimensional heat diffusion. Mrochen et al. [5] investigated 
in the same context the influence of temporal and spatial 
spot sequences on an in-vivo  surface temperature increase 
during laser surgery with a high-repetition-rate excimer 
laser. 

The most interesting measurements in this field are 
hence temperature profiles.  In fact, in performing laser 
heating treatments, tissues temperature rise has always 
been considered as the key for determining response ampli-
tude [5-12].  

Besides research interests, it is desirable to have com-
plete knowledge of the temperature distribution during 
medical laser applications based on heating. Nevertheless, 
the complexity of the problem lies in the fact that  this tem-
perature rise  depends  conjointly on  factors  intrinsic  to  
the  body  such  as the  thermal  conductivity and diffusivi-
ty  of  the  tissue  and  the  energy dissipated  inside it by  
the  source.  

In this study we propose an analytical expression to the 
heat equation in a modelled living tissue using the Bou-
baker Polynomials Expansion Scheme.  

 
2. Theoretical investigations 

 
Laser tissue heating by is reflected in temperature 

changes within the tissue during interaction with penetrat-
ing waves. The heat response of the human body depends 
wholly on the thermal parameters of the targeted zone (Fig. 
1). The thermal equivalents of the different zones are gath-
ered in Table 1. 

 
Fig. 1. Geometrical equivalent scheme of the targeted tissue  

 
It is expected that the temperature changes only in one 

direction (Fig. 1), then we can write: 
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under the boundary condition: 
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with : 
 

1T   : Temperature rise in the zone 1Z  

1D   : Thermal conductivity in the zone 1Z ( 12 −sm ) 

1λ   : Thermal conductivity in the zone 1Z ( 11 −− KmW ) 

1P   : Total heat power deposited in the volume 1V .  

2T   : Temperature rise in the zone 2Z  

2D   : Thermal conductivity in the zone 2Z ( 12 −sm ) 

2λ   : Thermal conductivity in the zone 2Z ( 11 −− KmW ) 

2P   : Total heat power deposited in the volume 2V .  
 
 
 
 

 
 

Figure 2. Relative distribution of some physical parameters 

between two tissue zones  

 
 
 
 
 

By denoting P0(t) the specific absorption rate, which 
represents the rate of energy deposited in the region 2Z in 
the body per unit mass, and which describes the 
distribution and amount of absorbed power per kilogram 
sample weight, we have : 
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By setting: 
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and by substituting  this expression in equation (1,3), it 
follows that : 
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Then, if we set the system: 
 











=′

∂
∂

=
∂

∂

)(

),(ˆ1),(ˆ

0
2

2
22

2

2
2

2
2

tPD

t
tzT

Dz
tzT

λ
ρϖ

                                  (6) 

 
it follows that, and using the method of separation of 

variables: )()(),(2̂ tWzUtzT = : 
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The above equation must be equal to a constant 2Φ−  
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So that we now have : 
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Solutions  to equation (9) are  given as follows 
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where 311ˆ µµµ =  and 322ˆ µµµ = . 
 

3. Results and discussion 
 

Using equation (6) and (11), we have: 
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where t∆ is the duration of laser beam application. 

The second term in Eq. (12) is evaluated using the Bou-

baker polynomials [13-18] Expansion Scheme BPES, 

namely by proposing the expansions: 
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where qβ  is 4q-Boubaker polynomial minimal positive 

root, N is a prefixed integer, 
Nqq ..1=

µ  are unknown real 

coefficients related to the laser beam. 
 

This scheme BPES has been proposed for resolution of 

several applied physics problems in the field of biophysics 

[13], thermodynamics [14] heat transfer [15,16] semicon-

ductors and materials sciences [17-19]. Advantages of this 

scheme, when applied to many boundary-conditioned phys-

ical problems, mainly those involving Alembert (hyperbol-

ic), consist of embedding the boundary condition thanks to 

4q-Boubaker polynomials properties. 

When applied to Eq. (12)-(13), these conditions give a so-

lution 
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The final temperature expression is hence: 
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Plots of the solution, for the values gathered in Table 1,  

along with results of Tung et al. [20] are represented in Fig. 

2 in terms of dimensionless temperature T~ :  

minmax

min2 ),(~
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Table 1: Experimental values 

Exposure  
duration   t∆  

Initial temp. 
 T0 

Incident Laser 
power 

2 s 35° C 5× 104 Wcm-2 
 

 

 

The obtained profile is in good agreement with that record-

ed by Stanowski et al. [2]. Solution patterns are also close 

to those of the Laplace transforms-related analytical solu-

tion of proposed by Mrochen et al. [5]. Time-dependent 

evolution is a theoretical and numerical supply to the recent 

studied on Laser-based surgery and medicine models [5-

12,20-24] 

 
Figure 2. Solution 3D plot 
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4. Conclusion  

 

In this paper, a two-layer  model of targeted tissue has been 

used in order to study temperature rise during laser heating. 

The considerations were based on the solution of two-

dimensional, stationary heat conduction equation obtained 

by separation-of-variables approach. Aanalytical expres-

sions were provided. The obtained analytical profile pre-

sents a supply to recent investigation on tissue alteration 

during treatments. The results have been found in good 

agreement with some recently proposed solutions. The 

BPES protocol, introduced in this study, seems to be a ver-

satile tool with applications far beyond the scope of the 

model problem considered here. 

Extension of the current method to multi-later modeled 

tissues the subject of ongoing research. 
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