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We develop a tool for numerical construction of femtosecond laser pulse propagation in air. The 
model is based on 2D+1 nonlinear Schrödinger equation (NLSE). Several nonlinear physics effects 
are considered in this full model which includes High-order Kerr effect (HOKE), Raman Kerr con-
tribution, plasma absorption and defocusing. It is often implemented in laboratory with weak focus-
ing optics for better observation, and the practical applications always involve collimated or nearly 
collimated beams. Here, we carry out a series of simulation on propagation of collimated femtosec-
ond laser pulse in air, with peak power around the critical power for self-focusing (Pcr). The results 
are shown for peak power respectively equal to 0.3 and 1.9 Pcr. Especially, we numerically construct 
a complex physical processes image involving filamentation which is regarded as a delicate task to 
interpret numerical results with many competing effects. The results show a dynamic equilibrium 
between Kerr self-focusing and HOKE in case of 1.9Pcr. HOKE shows dominant in the competition 
of nonlinear effects so as to balance Kerr self-focusing, at least for the pulse with 100 fs at 800 nm. 
Our analysis is in accordance with the Marburger’s prediction and image found in published litera-
tures. Perspective of these works will be dedicated to describe the propagation of ultrashort pulses 
(around 15 fs) with NA ~ 0.1 in the context of laser ablation in order to shed light on the signifi-
cance of air on the outcomes of the laser–matter interaction. 

Keywords: nonlinear propagation, femtosecond laser pulse, filamentation, self-focusing, High-
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1. Introduction 
The propagation of femtosecond laser pulses attracts 

much interest due to its spectacular potential application. 
The objective of the working program is to establish a pre-
cise and reliable numerical tool able to describe the propa-
gation of femtosecond pulse of variable duration (~10 fs – 
500 fs), in air and at atmospheric pressure and 20°C tem-
perature. The simulations of the propagation of a femtosec-
ond pulse in air developed by our joined group have a 
strong interest for the damage and ablation experiments，
corresponding to the experimental laser sources available 
in laboratory[1-3]. Indeed, they would help to define with 
high precision the exact distribution of intensity on the tar-
get that can be further compared to experiments [1-5], and to 
shed light on the significance of air on the outcomes of the 
laser–matter interaction. Those developments are particu-
larly important in the context of laser damage measure-
ments of optical materials and components [2,3], a crucial 
topic for the development of high peak power PW lasers, 
and also for the development of high resolution and high 
control micromachining processes [4,5] for further potential 
applications in photonics industry. 

It is often considered as a typical linear process when 
the continuous wave and long pulse laser transmit in vacu-
um. The diffraction and dispersion effects could be regard-
ed as independent without mutual coupling. However, there 
are some challenges in research of the propagation of 

femtosecond pulse, which shows special performance due 
to its ultrashort pulse duration and spatial-time coupling 
feature.  And it also presents new physical phenomena 
which is highly nonlinear under the non-vacuum dielectric 
conditions. The spatial-time coupling effect cannot be ig-
nored, even in vacuum, in the case of the propagation of 
ultrafast and ultra-strong femtosecond laser pulse. So the 
theoretical description and analogue simulation on various 
nonlinear physical effects present great difficulty in such 
tiny time scale. Meanwhile, effective experimental meas-
urement of various nonlinear physical effects and diagnosis 
of physical parameters are big challenges. For instance, the 
power density along the propagation path of pulse cannot 
be measured directly due to a very high intensity 
(>1013W/cm2). It is also extremely difficult to satisfy the 
experimental measurement requirements of ultrashort pulse 
characteristics with high resolution in spatial-time domain. 
Up till now, numerical simulation is an important way to 
investigate the process of propagation. In general, manag-
ing the controllable propagation of the femtosecond laser 
means to make the laser reaching a predetermined position 
with the expected accuracy, which has a great significance 
in applications.  

At present, great progresses have been made on the un-
derstanding of femtosecond pulse propagation in the last 
decade, but some of the physical phenomena cannot be 
explained yet. Propagation in the dispersion medium is 
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considered to be a dynamic equilibrium of kinetic process. 
It has long been believed that one is the self-focusing 
caused by Kerr effect and the other is the defocusing 
caused by plasma response [6]. These two highly nonlinear 
effects will induce self-guide propagation over several Ray-
leigh lengths, with extremely high power density. However, 
the high order nonlinear effect (HOKE), which will pro-
duce a great effect on propagation, was recently considered 
as a dominant factor in the filamentation regime [7,8]. And 
this highly depends on the physical parameters of the prop-
agation problem. Actually, researchers have noticed HOKE 
in the context of ultrashort laser pulse propagation since 
2000[9]. Some publications have discussed the sensitivity of 
the dominant physical effect to laser and medium condition 
[9,10]. As the interaction time of femtosecond pulse acting 
with air is very short, the avalanche ionization of air does 
not appear. This process is a complex nonlinear coupling 
process, where the optical Kerr effect, multiphoton absorp-
tion and ionization are the main physical mechanism of the 
beam filamentation. Other physical effects, including dif-
fraction, group velocity dispersion and self-phase modula-
tion, Raman-Kerr effect and self-steeping, have certain 
influence on the beam self-guidance propagation in the 
medium [11,12]. So the study on the influence of these physi-
cal effects in the process of propagation is one of the most 
attractive point.   

Note that it is a tough task because of the difficulty to 
model the propagation of very large bandwidth pulse (>150 
nm) of ultrashort pulse duration (near Fourier limit) and the 
limits of validity of classical SVEA (slowly varying envel-
op approximation) hypothesis [3]. To relax this difficulty 
and to help to get a reliable and precise simulation tool, we 
have an interest in simulation of propagation in the context 
of non-converging or extremely loose focusing, that such 
situations can be used for initial test of the validity and 
precision of the developed models. The purpose of this 
research is to establish an accurate and reliable numerical 
simulation tool in our laboratories, so as to describe the 
propagation laws of femtosecond laser pulse with different 
pulse widths (~10 fs –500 fs) under the condition of atmos-
pheric pressure and normal temperature. First of all, 2D+1 
full effect physical model was established on the basis of 
the nonlinear Schrödinger equation (NLSE). In this model, 
the nonlinear physical phenomena such as the diffraction, 
group velocity dispersion and high order dispersion effect, 
self-focusing, self-phase modulation, Raman Kerr effect, 
photoionization, plasma defocusing, plasma absorption and 
multi-photon absorption were considered. Then the physi-
cal process of 100 fs laser pulses propagating in air had 
been built using a numerical model, which revealed the 
filamentation characteristics of laser pulse and the nonline-
ar propagation laws of beam. 

2. Model and numerical method 

2.1 2D+1 propagation model based on NLSE 
To capture the physics of propagation of ultrashort laser 

pulses in air and more generally in gases, it is necessary to 
establish the propagation model which can describe the 
above nonlinear effects. In recent years, some international 
research groups have developed physical propagation mod-
els based on different unidirectional propagation equations 

[14-16] to simulate the propagation process of femtosecond 
pulse, and capture the physical image of filamentation 
propagation using numerical experiments. The main idea is 
to establish the basic equation of pulse envelope evolution 
and then add a variety of different physical effects as 
source terms into the model. 

The main idea of deriving wave propagation equation is 
to consider the linear polarization and nonlinear polariza-
tion process of electric field and magnetic field. Maxwell's 
equation is the basic equation to describe the spatial-time 
distribution of electric field and magnetic field, so the wave 
vector equation of propagation in medium can be derived 
from the Maxwell's equation. The current model is based 
on the NLSE wave propagation equation, which has almost 
become the standard equation in the research field of nu-
merical simulation for propagation issues of ultrafast laser 
pulse [11]. More detailed nonlinear physical process has 
been simulated by adding different nonlinear source terms 
from the originally most simplified model only considering 
diffraction, optical Kerr effect and plasma absorption [11], to 
the extended model [6] taking into account the nonlinear 
effects of plasma response process such as group velocity 
dispersion, and multi-photon ionization (MPI). In recent 
years, people researchers have begun to work on the influ-
ence of high-order Kerr effect on propagation [7,8], and con-
sidered it as a dominant factor. In addition, the defocusing 
effect of the plasma is considered weakly, nearly having no 
effect on filamentation. 

In the present work we developed a full model based on 
the extended model, which takes into account the linear 
effects such as diffraction and group velocity dispersion, as 
well as the nonlinear effects, e.g. optical Kerr effect, high-
order Kerr effect, Raman Kerr effect, MPI and plasma de-
focusing. The third item on the right side of NLSE Eq. (1) 
is regarded as high-order Kerr effect, and the fourth item 
considers Raman Kerr effect. Equation (2) is the high-order 
nonlinear refraction coefficient, and Eq. (3) is plasma den-
sity equation, consistent with the extended model [6]. We 
recall here that NLSE equation (to be strictly valid) re-
quires ∆k<<k0 and ∆ε<<ε (paraxial approximation). Ex-
pressed in the reference frame moving at the group veloci-
ty, the NLSE of a laser pulse with linearly polarized inci-
dent electric field ( , , )r t zε  along the propagation direction 
z then read as: 
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the group velocity of the carrier envelope). The first two 
terms on the right-hand side of Eq.(1) are the linear effects, 
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accounting for the diffraction and dispersion, the rest terms 
represent nonlinear effects of Kerr effect, Raman scattering 
effect, plasma defocusing effect and the multi-photon ioni-
zation effect. In the Raman scattering effect, it has the for-
mulation of ( ) ( )0( ) exp sin RR t R t tω= −Γ , where 

( )2 2
0 /R RR ω ω= Γ + . 

The Eq. (2) represent the HOKE terms, and the Eq. (3) 
represent the electric density equation where 2I ε=  and 

2( ) K
KW I σ ε= . 

The initial beam can be described by Eq. (4) which is 
regarded as a Gaussian pulse. The spatial distribution shape 
of laser pulse is a 2D+1 dimension model, where r and t 
represent the space domain and time domain respectively, 
and z represents the pulse propagation distance. 

22 2
0

0 2 2
0 0

( , , 0) exp( )exp( )exp( )
2
k rr tr t z i

fr t
ε ε= = − − −       (4) 

2.2 Numerical technique 
Obviously, it is necessary to search for the numerical 

solution of the partial differential equation based on NLSE, 
because it is impossible to obtain analytical solution for the 
propagation model based on NLSE equation. The Symmet-
ric Split-Step Fourier Scheme (SSSF) has a higher efficien-
cy to solve NLSE [15], and the fast Fourier transform (FFT) 
is applied in the calculation. The computation efficiency of 
FFT is higher than the finite difference method. In the pre-
sent physical process, linear effects such as diffraction and 
dispersion couple with nonlinear effects like self-focusing, 
multiphoton ionization in the light beam propagation. In 
general, we decompose the NLSE as 

( )ˆ ˆ
z D Nε ε∂ = + ⋅                             (5) 

where D̂ is an operator of the linear terms including diffrac-
tion and dispersion, and N̂ is an operator of the nonlinear 
terms. 

The split-step solution scheme is to treat the linear and 
nonlinear terms separately in the Fourier space over a step 
size of h . Over a half step all linear terms are computed 
(Fig. 1) while nonlinear terms are directly computed in the 
time domain. If the asymmetric scheme is used, Eq. (5) can 
be approximated as:  

( ) ( ) ( )( ) ( )ˆ ˆ, exp exp  d ,
z h

z
z h t hD N z z z tε ε

+
+ ≈ ∫ ，      (6) 

and if the symmetric scheme (SSSF) is used, Eq. (5) can be 
approximated as: 
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2 2
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z
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(7) 

It can be seen from Baker-Hausdorff formula that the 
main error term of Eq. (6) is the second order h2 item, and 
the main error term of Eq. (7) is the third order h3 item. 
Therefore, the symmetrical scheme gets better accuracy. 

 

 
 

Fig.1 Schematic diagram of symmetrical split-step Fourier solv-
ing scheme. 

 
It can be challenging to get numerical solution of NLSE 

on some technical issues, which including numerical for-
mat stability, calculation efficiency and the minimum cal-
culation resolution (calculation step should be limited in a 
micron dimension), etc. All these issues are related to the 
definition of computing grid. Therefore, the initialization 
parameters of optical field can be defined as 

0, , , , ,r tE f Cω σ σ . 
The parameters of propagation medium including the re-

fractive index of medium as well as the parameters of the 
plasma equation are also needed. As shown in Fig. 2, it is 
the definition method of the computing grid for the propa-
gation of time domain and frequency domain space, where 
2D+1 grid is defined by six parameters 
( , , , , ,r t zr N t N z N∆ ∆ ∆ ): 

r∆ —— The spatial size 
rN —— The number of spatial points 
t∆ —— The temporal size 
tN —— The number of temporal points 
z∆ —— The propagation size 
zN —— The number of propagation points 

The calculation step is defined as 

d ,d ,d
t r z

t r zt r z
N N N
∆ ∆ ∆

= = =  

 
 

Fig.2 Definition of grid in transmission space 
 
Because the physical effect of femtosecond laser fila-

mentation experienced in μm and ns scales on the space 
and time domains, the simulation in the provision of such 
small step lengths not only needs the proper numerical 
format but consumes much computing time. According to 
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literature and to our calculation results, dozens of hours in 
consumption is necessary in each simulation [6,8,16]. The 
code has run on high-performance computers such as 
DELL workstation.  
 
3. Results and discussion 

For a collimated Gaussian pulse with initial waist di-
ameter of 1 mm and critical power Pcr=3.2 GW, the pulse 
duration is 100 fs and the wavelength is 800 nm, under one 
atmospheric pressure in air. Several conditions with input 
power near Pcr have been simulated, and some calculation 
parameters are referred from literature [8]. 
Table.1 Calculation parameters  
Symbol Meaning Value 

1
0 (cm )k −  wave number 7.85×104 

2 1''(fs cm )k −  second order dis-
persion coefficient 

0.2 

0n  refractive index 1.0003 
19 2 1

2 (10 cm W )n − −  3nd Kerr index 3.2 
33 4 2

4 (10 cm W )n − −  5th Kerr index -1.5 
46 6 3

6 (10 cm W )n − −  7th Kerr index 2.1 
59 8 4

8 (10 cm W )n − −  9th Kerr index -8.0 

Rn  
fraction of Raman 
scattering 

0.5 

(Hz)Γ  
reciprocal of char-
acteristic time 

1.4×103 

(Hz)Rω  
characteristic fre-
quency 

1.6×1013 

3(m )atρ −  neutral molecule 
density of air un-
der 1 atm 

2.7×1025 

3(m )cρ
−

 
the critical density 
of electron 

1.7×1027 

2(m )σ  
inverse Brems-
strahlung cross 
section 

5.6×10-24 

(eV)iU  
ionization poten-
tial 

12.063 

K minimal number 
of photons neces-
sary to ionize an 
atom 

10 

( ) 17 9(m W )Kβ − −  multiphoton ioni-
zation coefficient 

1.27×10-160 

1 2(s m W )K K
Kσ − − [21] cross section for K 

photons ionization 
1.32776 
×10-168 

 
During the calculation process, the different incident 

power Pin is used to examine the features in the process of 
pulse propagation.  

The evolution process of beam is showed as Fig.3 when 
the incident power Pin=0.3Pcr. The Kerr effect does not 
appear and the diffraction divergence effect dominates in 
propagation because of the low incident power. 

 
(a)The change of peak power density with propagation distance z 

 
(b)The change of beam radius with propagation distance z 

 
Fig.3 The evolution of laser pulse with propagation distance

（Pin=0.3Pcr） 
 

Fig.4 shows the evolution process of the beam when the 
incident power Pin=2Pcr. The formation process of filamen-
tation can be seen from the images. As shown in Fig.4 (a) 
and (b), Kerr effect induce self-focusing at 2.6 m, and the 
beam size collapse which lead to the intensity within the 
pulse core becoming higher and higher. As the intensity 
reaches the ionization threshold, the generated plasma acts 
as a saturation mechanism, leading to the clamping of the 
pulse intensity. In addition, the collapse distance of the 
beam is also 2.6 m estimated by Marburger formula [17], 
which is consistent with the results of our numerical simu-
lation. Subsequently, the beam begins to diverge. After 
propagation for 5 m, the beam generates the self-focusing 
and defocusing cycle again. After 8 m of propagation, the 
beam is divergent because the energy cannot maintain the 
filamentation process. It turns out that the simulated results 
have a similar regularity compared to the existing literature 
[6,11,18,19]. Fig. 5 shows the evolution images of laser 
pulse power density at different times or propagation dis-
tances. It turns out that the results show a dominant effect 
of HOKE and a negligible role of plasma defocusing. Fig. 5 
reflects the symmetry of HOKE terms whereas plasma de-
focusing would lead to an asymmetry between the leading 
and trailing part of the pulse. 
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(a)The change of peak power density with propagation distance z 

 
(b)The change of beam radius with propagation distance z 

 
Fig.4 The change features of laser pulse filamentation 

with propagation distance（Pin=2Pcr） 

 

 

 
 

Fig.5 The evolution of laser pulse power density with the propa-
gation distance 

 
We have carried out numerical experiments for illustrat-

ing the competitive nonlinear effects by implementing the 
full model. We try to establish precise physical images with 
and without including corresponding terms of full model. 
Firstly, we switched off the HOKE effect to check the 

changes of propagation images (Fig.6). It reveals that in 
this test, the results without including HOKE have signifi-
cant difference to the results of full mode. And then we 
switched off the plasma term in full model (Fig.7). The 
results without including plasma effect have similar with 
the results of full model. So now we take it as a preliminary 
conclusion that the HOKE take the dominated effect while 
the plasma defocusing take secondary effect, but not ignor-
able. In the following work, we will check the sensitivity of 
dominant effect between HOKE and plasma defocusing to 
laser’s parameters and medium conditions. 

 
(a)The change of peak power density with propagation distance z 

 
(b)The change of beam radius with propagation distance z 

 
Fig.6 The change features of laser pulse filamentation with 

switching off HOKE in full model（Pin=2Pcr）

 
(a)The change of peak power density with propagation distance z

 
(b)The change of beam radius with propagation distance z 

 
Fig.7 The change features of laser pulse filamentation with 

switching off plasma effects in full model（Pin=2Pcr） 

No HOKE 

No HOKE 

No plasma 

No plasma 
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This model, however, fails for few cycle pulses when 
they are incorporated in our numerical tests. In fact, the 
parameters which are for instance described in the refer-
ence [3], are here mentioned:  NA~0.1 (f =50 mm and beam 
diameteris 3 mm) for which simulations based on NLSE 
equation may failed. The simulation based this model can 
be not enough to explain the new regime of propagation in 
air in a nearly 10fs pulse combined with tightly focused 
geometry [2] due to the limits of validity of classical SVEA. 
Nevertheless, assuming moderate restrictions on the pulse 
and the propagation medium, the Slowly Evolving Wave 
Approximation (SEWA) may be considered as an approxi-
mation in model propagation of few cycle pulses in medi-
um [20]. In contrast to the SVEA, the SEWA does not imply 
a limitation of the pulse duration [12]. 

 
4. Conclusion 

We have established a numerical model and code for 
simulating the femtosecond laser pulse propagation in air, 
which are suitable for constructing the propagation and 
filamentation of narrow-band pulses in a Kerr medium. 
Several nonlinear physical effects are considered in this full 
model which include High-order Kerr effect (HOKE), Ra-
man Kerr contribution, plasma absorption and defocusing, 
which can be implemented in laboratory for numerical con-
struction adapted to weak focusing optics. This work has 
opened a door for further research on the beam propagation 
of ultrashort pulse width (<10 fs) combined with tightly 
focused geometry. It is worth noticing that, due to the re-
quired tiny space-time resolution, the numerical computa-
tion efficiency presents a great difficulty in the process of 
numerical simulation. So the next step is focused on devel-
oping the parallel computing technology to increase the 
calculation efficiency. 
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